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We propose a new link between entropy and area: an eternal black hole with an ER bridge with 
cross-section A can carry a macroscopic amount of quantum information, or be in a mixed state, 
with entropy bounded by S < A/4G'n. We substantiate our proposal in the context of AdS3 and 
JT gravity, by using the Island prescription and replica wormhole method for computing the black 
hole entropy. We argue that the typical mixed state of a two sided black hole takes the form of 
an entangled ‘thermo-mixed double’ state with only classical correlations between the two sides. 
Our result for the von Neumann entropy of a post-Page time two-sided black hole is smaller by a 
factor of two from previous answers. Our reasoning implies that black hole quantum information is 
topologically protected, similar to the information stored inside a topological quantum memory. 


Introduction 


The Bekenstein-Hawking relation [| between the en- 
tropy and horizon area A of a black hole 


S = A/4Gn (1) 


forms one of the central guiding principles in the search 
for a quantum theory of gravity. The precise meaning and 
realm of applicability of the relation (1), however, are still 
only partly understood. The two most well-formulated 
interpretations of equation are that it quantifies: 


i) the total number of quantum mechanical micro-states 
of a black hole with specified macroscopic properties, or 


ii) the amount of entanglement across the event horizon 
connecting the two sides of an eternal black hole. 


Both interpretations are well founded. The first applies 
to one sided black holes and has found confirmation 
in supersymmetric string theory and in AdS/CFT. It 
states that black holes are not all identical but store 
quantum information, encoded in subtle properties of the 
microscopic quantum state. The second interpretation 
finds support within AdS/CFT via the Ryu-Takayanagi 
formula [2] and the proposed holographic interpretation 
of the thermofield double 


|TFD) = $ vpr lnn) (2) 


with pn = e~ 8" /Z as the state of a two sided black hole 
with an Einstein-Rosen bridge [8]. This presumed link- 
age between entanglement and space-time connectedness 
[4] [5] [6] now goes by the slogan ER = EPR. 


The two statements i) and ii) seem to refer to a 
different notion of entropy. However, they are directly 
related. Given i), it is natural to consider the one sided 
black hole in a thermal mixed state 


pr => Pain) a(n (3) 


with von Neumann entropy 


Sr = —tr(pelog pr) = — >> pn log pn = Sau. (4) 


We can formally identify pr with the reduced density 
matrix of the right-hand side of the thermofield double 
obtained by tracing out the left-hand side 

pr=tti(prrp) prep =|TFD)(TFD| (5) 
The TFD represents the formal purification of the ther- 
mal mixed state of a one-sided black hole. 


Statement ii) posits that this formal purification de- 
scribes the extended space-time of a two-sided black 
hole with an ER bridge. This identification finds sup- 
port within the idealized context of AdS/CFT. From 
a physical perspective, however, there is something 
unsatisfactory to the claim that a two-sided black hole 
is described by the TFD. The TFD is an artificial 
theoretical construct: it’s a unique state with zero von 
Neumann entropy. A black hole, on the other hand, is 
a macroscopic object, which under normal circumstances 
would have a large entropy, quantifying the number of 
microstates with the same macroscopic characteristics, 
the maximal amount of entanglement the object can have 
with its environment, or the maximal amount of quantum 
information it can contain. Indeed, as soon as a black 
hole is embedded inside an ambient space time, there is 
no reason to believe that it will stay in a pure state. 


This begs the question: what is the maximal entropy, 
or amount of quantum information, that a two sided 
black hole can contain? How much entanglement can 
it have with its environment? Below we will argue that 


iii) a space-time with an ER bridge with cross sectional 
area A can carry a macroscopic amount of quantum 
information with entropy equal to Spy = A/4Gy. 


Since any macroscopic object usually decoheres into a 
mixed state, a corollary of this assertion is that 

iii’) the local space-time region of an ER bridge is typically 
in a mixed state with entropy Spy = A/4GN. 


We propose that these two statements, together with the 
accepted insight ii), form the three basic holographic 
entropy relations associated with an ER bridge. 


We give two arguments in support of this new holo- 
graphic principle. The first is based on the Island 
prescription for determining the entanglement wedge of 
the emitted radiation of a black hole [7]-[13]. For a two- 
sided black hole, the Island prescription was examined 
in [13]. It was argued that the dominant gravitational 
saddle points that contribute to the n-th Renyi entropy 
include replica wormholes connecting the n replica space- 
times. We will show, via a direct calculation in JT gravity 
and pure 3D AdS gravity, that this replica wormhole 
prescription implies that the two-sided black hole state 
takes the form of a special entangled mixed state of the 
form (here pn = e~F”" /Z) 


PTMD = 5 Dn |n) zt (n| 8 |n)r(n] (6) 


with entropy Sgu = A/4Gy. We will call (6) the 
‘thermo-mixed double’, as it describes the dephased 
version of the thermofield double. 


The second argument in support of our proposal relies 
on AdS/CFT and the insight that space-time behaves like 
a quantum error correcting code [14]-[I9]. i.e. the effec- 
tive bulk QFT lives within a small code subspace of the 
full microscopic Hilbert space [16]. The holographic rule 
iii) then arises from the observation that the Poincaré 
recurrence time as seen from within the code subspace is 
much shorter than the Poincaré recurrence time of the 
microscopic theory. The huge hierarchy between the two 
time scales means that the true microscopic age of the 
two sided black hole is kept hidden from the low energy 
observer. This lack of knowledge of the black holes age 
is quantified by the Bekenstein-Hawking entropy Sgr. 


Three thermal states 


Here we propose a geometric definition of the ther- 
momixed double state (6) and compare some of its 
properties with those of two other thermal states. 


Recall the geometric argument for why the TFD 
state describes a two-sided black hole [8]. By formally 
identifying the left Hilbert space Hz; spanned by |n)r 
with the dual H% of the right Hilbert space spanned by 
|n)r, we can rewrite the TFD as the square root of a 
thermal density matrix. The TFD can thus be thought 
of as prepared via a euclidean path integral over half 
a thermal circle. Via the AdS/CFT dictionary, the 
associated dominant saddle point in the gravity dual is a 
euclidean geometry with this half circle as its boundary. 
We thus may graphically represent the TFD via 


|TFD) = w (7) 


The boundary represents the half thermal circle, the solid 
region describes the lower half of a euclidean two-sided 


black hole geometry, and the dashed line is the bulk state. 
After Wick rotating, the point at the center becomes the 
event horizon of the lorentzian two sided black hole [3]. 


Using this geometric notation, we represent the 
thermal density matrix pr, obtained by tracing out the 
left region, by 


PR = (8) 


This figure can be thought of as obtained by first drawing 
the total density matrix prrp of the TFD state as two 
half discs. Tracing out the left CFT corresponds to gluing 
together the left-halves of the two half discs, thereby 
forming the ‘pacman’ figure (8). The center point at 
the corner of the opening indicates the horizon and the 
end-point of the entanglement wedge of the right CFT. 


Our proposed geometric representation of the 
gravitational saddle point associated with the thermo- 
mixed double state looks like two half disks connected 
via an ‘Island’ region in the middle 


PTMD = (9) 


This ‘janus pacman’ figure represents a mixed den- 
sity matrix on the tensor product of two holographic 
CFTs. The Island region is the geometric remnant of 
the entanglement with the environment €. Via the 
Island prescription [7]{8], the entanglement wedge of the 
external radiation contains an interior region and thus 
tracing out € in effect glues together the two geometries 
along this Island region. We will substantiate the above 
geometric representation of the TMD later on via a 
gravity computation of the Renyi entropies. 


For comparison, let us also introduce the factorized 
thermal mixed state 


pL® pr = X plnia] ® > Palt)r(r| (10) 


representing the maximally mixed state of the two CFTs. 
The corresponding saddle point geometry factorizes into 
two disconnected pacman discs 


The TMD, TFD and factorized mixed state pr © pr 
all give rise to the same reduced density matrices on each 
side. E.g. the right density matrix 


(11) 


pr =trz(prmp) = trz(prrp) = trz(e, @ pr) (12) 


equals the thermal state with non Neumann entropy 
(4) equal to Sgy. So when viewed from one side, the 
three states are indistinguishable. 


FIG. 1: Spatial slice of an ER bridge. The two asymptotic 
regions Ez and Ep are connected via the interface I. 


The difference shows up in the von Neumann entropy 
S(p) = —tr(plog p) of the combined LUR density matrix. 
Evidently, S(prrp) = 0 for the thermofield double state 
while S(pL 8 pr) = 2S eH for the factorized thermal 
state. The entropy of the TMD state, on the other 
hand, equals S(prmp) = Spy. The mutual information 
ILR = SL + Sr — Sir between the left and right regions 
for each case thus equals 


2SBH for TFD 
lR = SBH for TMD (13) 
0 for PLPR 


We observe a clear distinction. In the factorized thermal 
state, the two sides do not share any mutual information. 
The relative factor of two in the mutual information 
between the TFD and TMD state makes an essential 
difference: in the TFD state, the two sides share true 
quantum mutual information in the form of quantum en- 
tanglement; in the TMD state, on the other hand, the two 
sides share only classical Shannon mutual information. 
In other words, the TMD state exhibits only classical 
correlations and not true quantum entanglement. 


Global geometry of an ER bridge 


Before presenting our entropy arguments, it will be 
useful to briefly describe the classical geometry of the ER- 
bridge in a bit more detail. There are two basic setups 
that we will consider. The first situation is shown in 
Fig 1. It describes two black holes connected via an ER 
bridge, both embedded within the same space-time. The 
total space in this case is non-simply connected. 


Let L and R denote the near-horizon regions of each 
black hole, glued together at the bifurcate horizon H 
with area A. The two regions L and R are surrounded 
by their respective asymptotically flat regions Ez and Ep. 
Regions Ez and Ep are in turn connected via the interface 
I, as indicated. The two sides can also communicate by 
sending messages via the exterior space-time. The length 
of the ER bridge is assumed to be much shorter than the 
outside distance between the two black holes. 


FIG. 2: Penrose diagram of an ER bridge. The time variables 
defined on the asymptotic regions Ez and Er are connected 
via an identification I. 


The second situation is the usual two-sided AdS black 
hole shown in figure 2. The ER-bridge in this case 
interpolates between two otherwise disconnected AdS 
space-times. In this situation, the only potential means 
of communication between the two sides is by having two 
messengers meet inside the black hole interior. 


We assume that the space-time metric of an ER bridge 
can be chosen to take the quasi-static form 


ds} 1 = —f(x)?dt? + gi;(x)dx'dz!. (14) 


Here f(x) vanishes, and thus flips sign, at the horizon. 
As a result, the space-time does not admit a global 
time-like Killing vector: the locally defined Killing vector 
2 switches sign when passing through the horizon H, 
and thus comes back in the opposite direction when 


transported around the non-contractible cycle in Fig 1. 


To write the metric as in (14), we must introduce two 
coordinate charts, or ‘time zones’: a left region that 
includes L and Ez with time coordinate tz, and a right 
region that combines R and Eg with time coordinate tp. 
The transition functions at the horizon H and interface 
I, that prescribe the local identification between the left 
and right time coordinates tz, and tr, are given by 


tL =tr at I 


tr = 2t — tR at H | oe a í a 
Here t defines the age of the black hole. These transition 
functions break global time-translation invariance, and 
select the time slice t = tg = tr = O as a special 
time instant. The t-dependence is invisible locally, and 
only noticeable by considering non-local observables that 
are sensitive to the transition functions at both at H 
and I. To see this, note that we could make a redefinition 
tr — 2t — ty of the left time coordinate, after which the 
transition functions at H and I would take the new form 


tt =tr at H 


e tL=tr=t 16 
tr =2t— tR a z z ( ) 


The time dependence in now encoded in the transition 
function at the interface J instead of at the horizon H. 


The take away lesson of the above discussion is that 
the two-sided black hole space time is time dependent, 
but that this t dependence can not be noticed ! by a 
single local observer traveling through the horizon, nor by 
one that stays outside, since neither can simultaneously 
probe the two transition functions at H and at J. A pair 
of observers, on the other hand, can together make an 
attempt to measure the time variable t, by each jumping 
from opposite sides into the black hole, and comparing 
their watches before and after they jump in. 


Non-local phases and generalized TFD states 


Let us temporarily assume that the near-horizon ge- 
ometry of the two-sided black hole is perfectly decoupled 
from its environment and prepared in a pure state, 
just like the thermofield double state in AdS/CFT. We 
will still introduce an identification I between the time 
variables on each side, as indicated in Fig 2. The density 
matrix on each side takes the form of a thermal mixed 
state (12). Given this fact, how can the black hole carry 
any quantum information? 


A natural way to store quantum information inside the 
two-sided black hole is by introducing arbitrary phase 
factors in the eigen basis decomposition of the TFD state 


|TFD), = J e% vyplni) (17) 


These generalized TFD states share most of the prop- 
erties of the standard TFD state with a, = 0. In 
particular, the phases e’°” can not be extracted via 
local measurements in the neighborhood of the horizon, 
but can only be measured via non-local observables that 
probe the non-trivial topology of the full spatial slice. 


This interpretation of the et% as topological phase 
factors is made evident by comparing with the time 
evolved TFD state 


|TFD(t)) = X e7” 2t pn |n)rln)r , (18) 


while noting that the time coordinate t specifies a global 
boundary condition, that can only be measured via 
a non-local observable. In fact, assuming that the 
holographic CFT has a random energy spectrum, it is 
possible to argue that for any set of phases e°”, one can 
always find some special time instant tą such that 


eilOn—Am) = e7 2il En—Em)ta (19) 


1 In case the two sided black hole undergoes Hawking evaporation, 
this would induce a slow adiabatic time-dependence of the 
external geometry, reflecting the decreasing mass of the black 
hole. This slow time dependence is encoded in the evolving 
form of the spatial metric and superimposed on top of the time- 
dependence encoded in the transition functions between the left 
and right time coordinates at H and I. 


for all n and m. Hence we may identify the generalized 
TFD state with standard TFD states evolved over the 
corresponding time ty 


[TFD),, = |TFD(ta)) (20) 


Note that ta is defined modulo the quantum Poincaré 
recurrence time t$ of the CFT. For a generic set of 
phases e’°”, the special time ta is double exponentially 
large in the entropy of the black hole. 


Since the generalized TFD states |TFD) , all look indis- 
tinguishable to any local observer near, inside or outside 
the horizon, local observers can also not distinguish 
between the pure TFD state and states described by 
arbitrary superpositions 


I4) = X ca TFD), = X` ca|TFD(ta)) (21) 


Q Q 


with X, |ca|? = 1. This superposition state looks quite 
strange from the viewpoint of the global observer: it 
describes a coherent superposition of different global ge- 
ometries, each given by different time-evolved two-sided 
black holes. However, without having done the explicit 
non-local measurement of the global time variable t = ta, 
the local observer has no knowledge whatsoever about 
its value. Moreover, given that the typical times ty 
are exceedingly large compared to any reasonable time- 
scale accessible to a low energy observer, it seems more 
appropriate to view the phases et% as truly quantum 
mechanical non-integrable phase factors, analogous to 
Aharanov-Bohm phases, rather than the specification of 
a precise classical geometry. It is then reasonable to 
consider superpositions of states of the form (21). 


Dephasing and the thermo-mixed double 


How much quantum information can a general super- 
position of generalized TFD states carry? To find 
this out, we first note that the generalized TFD states 
are all approximately orthogonal 


gTED|ITED),. => pacer) ~ ag (22) 


up to terms of order geen, provided we choose the set 
of phases e°” and etf» sufficiently random. 


Given that the non-local phases are invisible to local 
observers, it is most fitting to describe the state of the two 
sided black hole by an incoherent sum of all basis states 
|TFD),. A more direct physical reason for adopting this 
description is that in the situation indicated in Fig 1 
and 2, the two sided black hole is embedded inside, and 
thus highly entangled with, its ambient space-time €. 
Since the ambient space-time constitutes a much larger 
quantum system than the two-sided black hole itself, 
we should expect that, after we wait long enough, the 
black hole will evolve into a maximally mixed state, given 


by the incoherent sum of all states compatible with the 
macroscopic properties seen by the low energy observer. 


This leads us to introduce the mixed state given by the 
incoherent sum over all generalized TFD states 


= ~ XC |TFD), .(TFD| (23) 


a 


PTMD 


Here N counts the total number of basis states. We 
will call the state the thermo-mixed double, since it 
arises after applying complete dephasing to the thermo- 
field double state. Using that the sum over the complete 
set of random phases yields a diagonal distribution 


1 
HF Ort) = Sam (24) 


we deduce that the thermo-mixed double takes the 
following more explicit form 


PTMD = 5 Pn |n)i(n| 8 |n)r(n] (6) 


with pn = e~°"" /Z. This mixed state describes a generic 
two sided black hole with entropy Spr. 


As explained earlier, the TMD state has only classical 
correlations across the horizon and does not support any 
true quantum entanglement. So our proposal, that (6) 
represents the generic state of a two-sided black hole, 
seems at odds with the ER = EPR proposition. Note, 
however, that after embedding the black hole inside an 
ambient space time €, the role of entanglement across the 
event horizon becomes less clear cut. We can introduce 
a purification of the TMD of the tripartite form 


IV) = So Vea Im) In) x Ibn de (25) 


with |¢,)¢ an orthonormal set of states of the environ- 
ment. The entanglement between the black hole and the 
environment is built up through local interactions and 
the Hawking process. We can formally split E€ into a 
left and a right environment Ez and Er. Assuming that 
both sides are truly decoupled, the environment_state 
|Wn)e would factorize into a product state |dn)e, |On)en- 
Inserting this back into 


I0) = XL Ven In) loner ®ln)rlbnden (26) 


would reinstate the quantum entanglement across the 
horizon. On the other hand, if Ez and Ep are not 
decoupled, the quantum entanglement between the two 
sides dissipates. For the tripartite state (25), this 
dissipation of entanglement does not completely decohere 
the TFD state (which would produce the factorized 
thermal state with entropy 25g) but leads only 
to dephasing, thereby producing TMD state with 
entropy Sga. The classical correlations across the ER 
bridge remain in place due to a topological protection 
mechanism. We will make this analogy with topologically 
protected quantum information more manifest below. 


Replica wormholes and Renyi entropy 


Now let us return to the proposed holographic pre- 
scription (9) for obtaining the TMD state. We would 
like to verify that it indeed gives rise to a mixed state of 
the precise TMD form (6). 


First let us compare some basic properties of (9) and 
(6). Clearly, both states are neither pure, nor factorized. 
Moreover, both states have the property that if we trace 
over the left or right CFT, we obtain a thermal density 
matrix on the remaining CFT. 


Next let us look at the purity of the mixed state, 
defined by the trace over the square of the prmp density 
matrix. We claim that the corresponding bulk geometry 
looks as follows 


tr(pimp) = (27) 


The geometric proof is straightforward: to obtain the 
purity, we first have two take two copies of the TMD 
state (9), and then glue the two together along the 
corresponding edges as follows 


as can be seen with a minor amount of mental exer- 
cise. The right-hand side exhibits two thermal circles, 
corresponding to the two replicas needed to compute 
the purity, connected through the bulk via a replica 
wormhole. The Island region is the half circle connecting 
to the dots at the equator of the wormhole. The two dots 
are the two quantum extremal surfaces that bound the 
Island region. 


The same geometric exercise can be repeated for 
the higher Renyi entropies. For example, the saddle 
point geometry for the fourth Renyi entropy exhibits 
four replica wormholes all glued together into a single 
connected geometry 


tr(ptmp) = (28) 


The proposed identification (9) of the ‘janus pacman’ 
geometry as the gravitational saddle point of the TMD 
state (6) predicts that the gravitational partition func- 
tion of these connected multi-boundary geometries is 
given by the simple expression 


(ofun) = Sook = Fae. (29) 


We now briefly describe how this prediction about the 
bulk gravity theory can be derived in the case of pure JT 
gravity or pure AdS3 gravity. 

First consider the 3D case. For simplicity, let us 
assume that the holographic CFT lives on two circles 
and that the 3D bulk geometry describes a two sided 
BTZ black hole. The topology of the black hole horizon 
is therefore a single circle. Applying the above geometric 
prescription, the euclidean saddle point geometry for the 
n-th Renyí entropy has the following topology (for n = 4) 


x St, (30) 


The boundary of this three-manifold M3 is the product 
of n two-tori T? = S' x St. One of these S1’s is 
common to all n boundary tori. The other S$!’s are the 
respective thermal circles, which are connected via the 
replica wormhole geometry, as shown. 


Mz has the same euclidean BTZ black hole asymp- 
totics near each boundary. The BTZ geometry is 
specified by a non-trivial space-time holonomy around 
the common St direction. The holonomy takes values 
in the euclidean AdS3 isometry group SL(2, C), and its 
conjugacy class is uniquely fixed by the mass and spin of 
the black hole. Moreover, the holonomy is a topological 
quantity: the conjugacy class of the holonomy group 
element is the same for any closed loop around the S1. 
So the mass and angular momentum of all asymptotic 
BTZ geometries must all be identical. 


At the classical level, this identificiation does not 
seem at surprising or consequential, since all asymptotic 
regions are already identified via the replica symmetry. 
In the quantum theory, the conjugacy class of the space- 
time holonomy around the St is an operator. So eigen- 
states of the holonomy operator correspond to energy and 
angular momentum eigenstates of the CFT.” A classical 
black hole describes a canonical ensemble of mass and 
angular momentum eigenstates. A classical replica geom- 
etry as shown in equation corresponds to a canonical 
ensemble of simultaneous mass and angular momentum 
eigenstates, weighted by the Boltzmann factor to the n- 
th power. Inside the ensemble, the mass and angular 
momentum is the same for all n asymptotic boundaries 


2 This is not entirely accurate: the holonomy operators commute 
with the Virasoro generators, so when acting on a descendent 
state, they only measure the energy and angular momentum of 
the corresponding primary state. In AdS language, the holonomy 
operator is not sensitive to the presence of ‘boundary’ gravitons. 
In the BTZ regime, however, almost all but an exponentially 
small fraction of the states are primary. So we are allowed to 
ignore this subtlety for our discussion here. For a more detailed 
treatment, see also the Appendix. 


of the replica geometry, since they are all measured by 
the same holonomy operator. 


The JT gravity case is analogous and a special limit of 
the above. This is most directly seen by using the first 
order formulation of JT gravity developed in [20]. There 
it was shown that JT gravity can be exactly solved by 
writing it as a BF gauge theory with gauge group given 
by a suitable central extension of PSL(2,R). The energy 
eigenstates of JT gravity are labeled by representations 
R, of PSL(2,R), and the corresponding energy eigenval- 
ues are proportional to the 2nd Casimir C2(R) = s?—1/4. 
Similarly as above, one can show that the energy operator 
at each boundary component descends from the same 
bulk operator Cz = tr(B?). Since the bulk geometry 
connects all boundary components, and the bulk BF- 
theory is topological, the energy eigenvalues of each 
boundary component must be identical to each other.? 


The final result for the JT gravity partition function 
on a replica wormhole geometry with k boundary com- 
ponents takes the same form as in 


Z(k 2 

= Fat with 2(3) = fauo” (32) 
and du(s) = dsssinh(27s) the spectral measure of JT 
gravity. From we immediately read off the that 
the density matrix of the two-sided black hole in JT 
gravity (in the post-Page time regime in which the Island 
prescription holds) takes the TMD form 


ag wo eth elo kirek 63 


providing a support for our proposal. 


QEC, RT and Poincaré recurrence 


Here we comment on the implications of our proposed 
holographic entropy relation for bulk reconstruction and 
its relation to quantum error correction. 


3 Another perhaps more direct way to see that all replica sectors 
must carry the same quantum numbers is to consider the 
PSL(2,R) holonomies g; around the k S! boundaries of the 
replica wormhole space-time. To define these holonomies, we 
first cut open the wormhole geometry and represent it as a 
quotient of the Poincaré upper half plane. Since the sum of 
all S!’s is a trivial cycle of the connected geometry, the JT 
functional integral will contain a delta function that implements 
the condition that the product g1g2..gx, of all holonomies must 
be trivial. This delta function can be written as an integral over 
PSL(2,R) representations as 


Athen. et) = i du(s) xs(91)xe(a2)--Xe(ge) (31) 


where xs(g) = trr, (g) defines the character of the representation 
Rs and du(s) denotes the appropriate Plancherel measure on 
the space of PSL(2,R) representations [20]. The formula 
directly demonstrates that the connectedness of the bulk geom- 
etry implies that all replica sectors carry the same PSL(2, R) 
representation and thus have the same energy. 


It is useful to write the purification of the thermomixed 
double (6p as an expansion in generalized TFD states 
via |W) = SO, ITFD)a|va)e with |Wa)¢e an orthogonal 
set of states of the ambient space-time €. By tracing out 
E, we recover the representation of the TMD state. 
The above expansion of |W) can be rewritten in terms of 
time-evolved TFD states 


(E) = SO |TFD(ta)) Ita) (34) 


with ta the time variable associated with a via (75) We 
abbreviate the state of the environment E by |ta);, to 
indicate that for our purpose, € can simply be thought 
of as a clock that keeps track of the age of the two sided 
black hole. All state |t,) are assumed to be orthogonal, 
so the clock has a very large Hilbert space. We introduce 
a time evolution operator U(t) such that 


ITFD(t)) = U(t)|TFD) 
(35) 
U(t) = etn +Hr) 


with Hz and Hp the left and right Hamiltonian. The 
variable ¢ runs over a range equal to the Poincaré 
recurrence time rt of the CFT dual to two-sided black 
hole. This time is double exponentially large in the 
entropy SBH. 


Two observers, Alice and Bob, want to measure the 
age t of the two sided black hole. As explained above, 
they can do this by first synchronizing their clocks and 
jumping in. Suppose that they are lucky enough to meet 
inside the black hole. They can then compare their clocks 
and thereby measure the age of the two-sided black hole. 


As we will now argue, the above story is not fully cor- 
rect. Alice and Bob are part of the low energy effective 
QFT of the near horizon region. The QFT Hilbert 
space spans a small code subspace Hcode inside the full 
microscopic CFT Hilbert space. This code subspace 
is much smaller than that of the CFT, and also much 
smaller than the clock Hilbert space spanned by all the 
states |t.). How can a smaller system make an accurate 
measurement of the state a much larger system? 


As mentioned above, the range of time t extends to 
the microscopic Poincaré recurrence time r, The low 
energy QFT, however, can record time t at most up to its 
own Poincaré recurrence time i Evidently, the latter 
is much smaller than the former 


log tB* ~ esd < log tft ~ 82 (36) 

Because of this hierarchy in time scales, there are many 

time evolution operators U(ts) that act as identity 

operator on the code subspace, and thus commute with 
all low energy effective QFT operators 

[U (ta), Ogee] = 0, within Heode- (37) 


Hence we conclude that Alice and Bob can at best 
measure the age t of the two-sided black hole only up 


to multiples of the Poincaré recurrence time of the low 
energy QFT. This still leaves a large uncertainty in the 
value of t. 


We can make this claim a bit more explicit as follows. 
Let K = — log pr denote the modular Hamiltonian of 
the right CFT. When restricted to act within the code 
subspace, this microscopic modular Hamiltonian reduces 
to the modular Hamiltonian of the low energy QFT inside 
the right bulk region, up to a constant term equal to the 
area of the horizon 


J A x 
Peoae K Poode = 1Gp io $ Kaft (38) 


This relation implies that the microscopic time evolution 
operator U(r) = e~*’7* and the effective QFT time 
evolution operator Ugn(T) = e~2i7 Kat are identical, up 
to an overall phase factor, when restricted to the code 


subspace 
Uqft (T) = PeodeU (T) Peode- (39) 


Now consider the relation User (r3) = Prode that defines 
the Poincaré recurrence time of the low energy QFT. 
Using (39), we deduce that for all integer n 

U(nre*) =1 within Heode- (40) 


So we confirm that holds for all multiples tg = nra" 
of the Poincaré recurrence time of the low energy QFT. 


Let |tfd) denote the thermofield double state (Unruh 
vacuum) of the low energy effective QFT. We like to 
construct the balanced mixed state with the largest 
entropy that, when restricted to the code subspace, 
reduces to this tfd-state. 


Consider the mixed state given by the incoherent sum 
of special time evolved TFD states 


1 
pram = + DoITED(ta))(TED(a)| (41) 
ta 
with ta = nrg". Since there are many such times, 


the above state looks, up to very good approximation, 
like the TMD state In particular, it has von 
Neumann entropy Sgy and exhibits mostly only classical 
correlations. However, from equations and (40), 
we deduce that this state has the desired property that, 
when restricted to the code subspace, it reduces to the 
pure tfd-state of the effective QFT 


Pode Pap Peade = [tid) (tidl. (42) 


So pap Still encodes coherent quantum entanglement, 
but only within the code subspace. This is sufficient to 
ensure the existence of the ER bridge. 


A similar class of operators with property were in- 
troduced in [21], where they are called ‘ghost operators’. 


Decoherence of a two-sided black hole 


Our proposal makes a concrete prediction about the 
time evolution and decoherence of an evaporating two- 
sided black hole due to the Hawking process. Denote the 
Hilbert space of the radiation by H,. A priori, a generic 
entangled state of the black hole plus environment can 
take the general form 


|W) E 5 In, Thee lona)e (43) 


n,n 


with |n, Aen = |n)z|7) z the state of the two CFTs, and 
where |Ønñ)e denotes the state of the environment. The 
corresponding density matrices of the pair of CFTs reads 


Port2 = 5 (dnalomm) |n, ñ) (m, m| (44) 


n,n,m,m 


It is a reasonable physical assumption that the internal 
dynamics of a two-sided black hole is ergodic, possibly 
within a physical subspace, and that the matrix elements 
of the time evolution operator constitute some random 
matrices, taken from some suitable matrix ensemble. 


We contrast two special choices of the ensemble average 
of the matrix element 


(case 1) 


(case 2) 


Ga Pn Pr Onm Onm 
(oni|Omm) = 


Pn Ok Onm Ôn 
The corresponding two-sided CFT density matrices are 


PLÌ PR (case 1) 
Perro T i (45) 


PTMD (case 2) 


In case 1 each CFT independently decoheres, by building 
up entanglement with its emitted Hawking radiation. 
After the Page time, each is in a mixed thermal state. 
The total von Neumann entropy of the two sided black 
hole in this case is 25g. Note, however, that the two 
CFTs no longer share is any mutual information. 


In case 2 each CFT is also in a thermal state, but shares 
half of its entanglement with the radiation and half of its 
entanglement with the other CFT. The resulting thermo- 
mixed double state describes the universal mixed state 
of a two sided black hole that arises after full dephasing 
[24], while maintaining the ‘balanced’ condition that both 
CFTs have the exact same energy [I5]. 


What mechanism could produce this ‘balanced’ type 
of decoherence? In [15], the idea was put forward that 
black hole information is stored non-locally, similar to a 
topological quantum memory like the toric code. This 
analogy is most apparent in the above description of 
generalized TFD states. With this perspective in mind, 
let us briefly indicate how a ‘balanced’ decoherence could 
arise. 


Suppose that until time t = 0, the two CFTs are 
decoupled from the environment €. At ¢ = 0, we turn 


on the interaction. Assuming € starts in its ground state 
|0)., the time evolved state of some arbitrary initial CFT 
state |i, i) takes the schematic form 


Cele XO Op CLK Bs (Pe (46) 
k,k,r,? 


The coefficients CŻ„ can be thought of as structure 
coefficients of an operator algebra (OPE). A priori, they 
could be fully random. However, suppose that (just like 
OPE coefficients) they generate some associative and 
commutative algebra. Similar to the Verlinde formula, 
the Ci. matrices are then simultaneously diagonalizable 
via some unitary rotations © and V applied to the CFT 
and environment €, resp: 


C= yo a (47) 


with Àn some set of eigenvalues. After going to the diag- 
onal basis |n, Aer = 047 SPS? li, i)er On the CFT and 
lone = AndAn Dep V"V2|r,7), on the environment, the 
time evolution step diagonalizes. So starting with 
the TFD state, this time evolution will result in the case 
2 scenario of decoherence: 


Ujn, Nn)crrzl0)e = |n, N)erlPnn)e (48) 


The above diagonalization mechanism is formally similar 
to Coleman’s introduction of the a eigenstates of the 
wormhole creation operators [29] [80]. 


What if instead we set up a dynamical time evolution 
such that the two CFTs completely decohere into the 
factorized thermal state? The n-th Renyi entropy of 
the final state then also factorizes: tr((pr ® pr)") = 
tr(p?) tr(p%). The corresponding saddle point geome- 
tries describe the disconnected n-th replica manifolds 
of two disconnected single sided black holes. The ER 
bridge has disappeared: the typical state in the factorized 
thermal ensemble has a firewall [31] that splits the two- 
sided black hole into to two separate one-sides black hole 
geometries. Indeed, the firewall problem for the two sided 
black hole comes back in full force if the ensemble of 
accessible quantum states includes states in which the 
left- and right states have different energy. Such states 
can not be written as linear combinations of generalized 
TFD states. 


Conclusion 


We have formulated a new holographic identification 
between the cross-sectional area of an Einstein-Rosen 
bridge of a two-sided black hole and the maximal amount 
of quantum information contained inside the black hole. 
We have given evidence in support of this proposal in 
the context of low dimensional gravity models, and via a 
general argument based on the relationship between bulk 
reconstruction and quantum error correcting codes. 
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FIG. 3: The Island is contained inside the entanglement 
wedge of any pair of the three regions L, R and E. The two 
regions L and R combined are in the thermal mixed state, 
with entropy given by the area of the red RT surface. 


According to our proposal, the connectedness of space- 
time across an ER-bridge does not require that the black 
hole region is in a pure maximally entangled TFD state. 
Instead, the region around the ER bridge can be in a 
thermal mixed double state with Spg worth of classical 
correlations between the two sides; it is sufficient that the 
quantum entanglement only resides in the code subspace 
containing the low energy effective QFT. 


The balanced holography principle implies that the 
quantum information inside the black hole and inside 
the Island region is topologically protected [I5]. This 
protection is dynamically implemented via a restriction 
that prevents the black hole from accumulating more 
entropy than Spy. Instead the total state will evolve 
into a GHZ like state of the form (25). In such a 
state, the quantum information stored inside the Island 
region can not be accessed from any one of the three 
subregions L, R or €. Instead, it is accessible only 
through combined knowledge of the state of at least two 
of the three subregions. Hence the reconstruction of 
the QFT operators inside the Island region involves a 
similar quantum error correction mechanism as for bulk 
reconstruction in AdS/CFT [I6]. 


Our new holographic principle stands at odds with the 
strong version of ER = EPR, which equates the existence 
of a smooth ER-bridge with the presence of microscopic 
entanglement, quantified by the Berkenstein-Hawking- 
Ryu-Takayanagi entropy formula (ip. So what gives? 
It is important to point out, however, that the strong 
ER = EPR implication amounts to a radical departure 
from the usual rules of quantum mechanics: entangle- 
ment is not a linear property of quantum states, so it is 
highly unconventional to associate it with an observable 
property of a macroscopic system. The aim and spirit of 
our proposal is to refine the ER = EPR relation so that 
it does not run counter to any conventional ground rules 
of quantum mechanics. 


The fact that the near-horizon region of a two sided 
black hole can be in a mixed state plays a key role in 
recent discussions of the Island rule for computing the 
entropy of an evaporating black hole and its radiation. 
Motivated by the new observation that an evaporating 
two-sided black hole geometry supports a two-component 


FIG. 4: Penrose diagram of an ER bridge with an Island 
region, bounded by two quantum extremal surfaces. 


quantum extremal surface demarcating an Island region 
inside the interior, the authors of propose the follow- 
ing generalization of the holographic entropy formula for 
the von Neumann entropy of the near-horizon region of 
a two sided black hole 


Area(Q) 
AG n 


S(LU R) = exto + Sae(LUR)| (49) 


Here Q indicates the location of the quantum extremal 
surface [7]-[8]. By definition, this location extremizes the 
sum of the area contribution of the quantum extremal 
surface and the von Neumann entropy of the effective 
QFT state inside the near-horizon region LU R [82]. 


As noted in [I3], equation has a complement in 
the form of the following formula for the von Neumann 
entropy of (the Hawking radiation contained inside) the 
environment E 


Area(Q) 


S(E) = exto "4Gy 


+ Satel T UE) (50) 


The right-hand side of and are both identical — 
as it should, since the total state on LU RUE is assumed 
to be a pure state. 


How do equations and stand in relation to 
with our proposed holographic bound? The quantum 
extremal surface Q jumps into existence right at the 
Page time, i.e. at the future time slice at which the 
entropy of the black hole becomes equal or smaller than 
the entropy of the emitted Hawking radiation. Assuming 
the naive Page dynamics applies, this transition happens 
at the moment the black hole has transferred half its 
initial entropy to the radiation, or in other words, when 
the black hole horizon area has decreased to half the 
initial size. Based on this physical reasoning, we would 
infer that the two components of the quantum extremal 
surface Q combined have the same total area as the event 
horizon H of the initial two-sided black hole at t = 0 


Area(Q) _ Area(H) 
4Gyn — 4GN 


= SBH (51) 


This relation would align the analysis of with the 
present story: the left-hand side equals the entropy of 
the near-horizon region of the two-sided black hole, and 


the equality states that in the stationary post-Page time 
situation, it saturates our new holographic bound.* 


In our description, the state of the old two sided black 
hole settles down in a stationary TMD state. Hence there 
is no notion of holographic complexity that keeps growing 
in time. From the perspective presented here, the notion 
of holographic complexity put forward in [83] relies on 
an idealized identification of classical space-time regions 
with pure states. 
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Appendix: Edge states and topological entanglement 


The idea that black hole information is topologically 
protected receives further support from the observations 
that the formula [25] for topological entropy for Virasoro 
CFTs reproduces the Bekenstein-Hawking entropy [26], 
and the insight that entanglement wedge reconstruction 
involves mechanisms akin to quantum secret sharing 
[16] [79], and that the bulk state in AdS/CFT or FQHE 
theories can be modeled via tensor networks or 
matrix product states [28]. 


4 Note, however, that the description of the entanglement and 
decoherence generated through the Hawking process presented in 
is still different from ours. In the scenario outlined in [13], the 
left- and right CFT each independently decohere, and evolve into 
the factorized thermal state with von Neumann entropy 2537. 
This is the case 1 scenario introduced above. We interpret this 
case 1 scenario as giving rise to two disconnected black hole 
geometries without an ER bridge. 


5 Let us compare this with the idealized AdS/CFT time evolution 
in terms of time evolved or generalized TFD states |TFD),. In 
this pure state description, one could introduce a notion that 
behaves similar to complexity, by taking minus the logarithm of 
the spectral form factor 


Zla] = |(TFD|TED),|?= S> papme(or-om), 


Setting et% = e—?En, this quantity would initially grow 
linearly with time, just like the volume of the interior. In the 
final incoherent ensemble of generalized TFD states, the averaged 
value of the spectral form factor reduces to the overlap of the 
TFD and TMD state 


2(28) 
Z(B)? 
which equals the purity of the TMD state. This is the plateau 


value of the spectral form factor and the final stationary 
value of this notion of complexity. 


Za] = x >= Zla] = tr(errpprmp) = 


10 


FIG. 5: The two entanglement cuts surrounding the near 
horizon region of the two-sided black hole introduce edge 
states on each side of the cut. The combined state of edges 
across each cut are described by a boundary state of the 
holographic CFT. 


In this Appendix, we further substantiate our ar- 
gument in the main text by generalizing results from 
the study of topological entanglement entropy in FQHE 
systems and Chern-Simons field theory [35][36]. In CS 
theories, the Hilbert space does not simply factorize. 
This obstruction is encoded in the form of universal long 
range entanglement, that only depends on the topology 
of the space time [25]. Moreover, on a manifold with a 
boundary, CS theory gives rise to massless edge degrees 
of freedom. 3D AdS gravity shares the same formal 
properties. The massless edge degrees of freedom in this 
case constitute the holographic dual (Virasoro) CFT. 


Suppose we introduce an entanglement boundary by 
cutting space-time along two circles surrounding the 
left and right near horizon regions, as depicted in Fig. 
5. The physical step of making the entanglement cut 
amounts to performing a quantum quench in which the 
interaction Hamiltonian, that connects the two sides of 
the cut, is suddenly switched off [35]. The remaining 
Hamiltonian then splits up into two commuting terms, 
each acting only on one side of the cut. Turning off the 
interaction across the cut liberates the edge dynamics 
of the two bulk regions and introduces massless modes 
running along each side of the cut [25] [35]. In CS theory, 
these massless excitations are chiral. In AdS3/CFT2, the 
massless modes on the interior edges are identified with 
the holographic CFT dual to the black hole region, while 
the massless modes on the exterior edges are holographic 
dual modes associated with the ambient space-time. 
Both holographic edge theories are non-chiral. 


As argued in [85][86], following work by Cardy and 
Calabrese [37], the state across an entanglement cut takes 
the form of a boundary CFT state that pairs up the chiral 
edge modes (indicated with green and red circles in Fig. 
5) on both sides of the cut. For CS theory, there’s only 
one boundary state for each cut; for 3D AdS gravity, each 
cut is represented by the tensor product of two conjugate 
CFT boundary states. To simplify the notation, we write 
the formulas only for the case of the CS theory. 


In CS theory, the combined state of the two entangle- 


ment cuts takes the following form [36] 


v) = X albi) ® 102) 


—eH; 
EO) 


with |h',)) a complete basis of Ishibashi boundary 
states at each entanglement cut bi, Yn with >, [Yn]? = 1 
a normalized set of amplitudes, H; = Li, + Lå — T2 
the respective CFT Hamiltonian, € a UV na, and 
Zni(e) = (hrle ™ hh). 

Ishibashi states are entangled sums of left- and right- 
moving descendent states |N,h)®|N, h) of primary states 
|h)|h) with the same left- and right-moving conformal 
dimension h = h. Hence after tracing out the exterior 
edge degrees of freedom associated with the ambient 
space-time €, we obtain a reduced density matrix of the 
thermo-mixed double form 


(52) 
j Hen ) 


p= >, lnl’ on ® pF, (53) 


j2 e7 2Hi 


From this explicit form of the density matrix, it is 
straightforward to derive the following result for the k-th 


Renyi entropy [36] 


n) (ha N| (54) 


Pn oa 


tr(p*) = ee PL val" 2b (55) 
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